We study asymptotically non-free gauge theories and search for renormalization group invariant (i.e. technically natural) relations among the couplings which lead to successful gauge-Yukawa unification. To be definite, we consider a supersymmetric model based on
Introduction
The success of the standard model shows that we have at hand a highly nontrivial part of a more fundamental theory of elementary particle physics, and it challenges theorists to understand at least some of the plethora of its free parameters.
The well-known unification attempts [1, 2] assume that all gauge interactions are unified at a certain energy scale beyond which they are described by a unified gauge theory based on a simple gauge group-Grand Unified Theory (GUT). This unification idea has been not only inspiring for particle physicists, but also has given specific testable predictions [3] . The accurate measurements of the gauge couplings at LEP in fact suggest that the minimal N = 1 supersymmetric SU(5) GUT [4] is very when comparing its theoretical values with the experiments [5] .
GUTs can also relate Yukawa couplings among themselves which can lead to the prediction of fermion mass ratios. In the case of the minimal SU(5) GUT [1] , for instance, the prediction for the third generation, i.e., M τ /M b , was successful [6] . However, the GUT idea alone cannot provide us with the possibility to relate the gauge and Yukawa couplings. In order to achieve gauge-Yukawa coupling unification, within the assumption that all the particles appearing in a theory are elementary, one has to consider extended supersymmetric theories [7] or string theories [8] . Unfortunately, these theories seem to introduce more serious and difficult phenomenological problems to be solved than those of the standard model.
Here we would like to emphasize an alternative way to achieve unification of couplings [9] - [15] which is based on the fact that within the framework of renormalizable field theory, one can find renormalization group invariant (RGI) relations among parameters which can improve the calculability and the predictive power of the theory. These relations could in principle involve all the couplings of the theory, and this field theory technique is sometimes called "reduction of couplings" [10] . Along the RGI approach, there exists already studies and also certain success [12] - [15] . In refs. [14, 15] , we have found that the gauge and Yukawa couplings in supersymmetric SU(5) models can be unified using this method, which are consistent with the known experimental facts including the CDF result on the top quark mass [16] . Moreover, the model proposed in ref. [14] is finite in the sense that all the β-functions vanish to all orders in perturbation theory [17] .
Clearly, in both cases we have assumed the existence of a covering GUT so that the unification of the gauge couplings of the standard model is of a group theoretic nature. In this letter, we would like to examine the power of the RGI method by considering theories without covering GUTs.
It turns out that, in order the RGI method for the gauge coupling unification to work, the gauge couplings should have the same asymptotic behavior either in the ultraviolet or infrared regime. Unfortunately, this common behavior does not appear in the standard model with three families, since SU(3) C and U(1) Y couplings have opposite asymptotic behavior. One can increase the number of generations to make the SU(3) C and SU(2) L couplings also asymptotically non-free [18, 19] . But we prefer not to introduce new relatively light degrees of freedom, although we are in sympathy with this approach to non-perturbative unification. Another way to achieve a common asymptotic behavior of all the different gauge couplings is to embed the SU(3) C × SU(2) L × U(1) Y to some nonabelian gauge group which is not a simple group. That is, we introduce new physics at a very high energy scale and increase the predictability of the model on the known physics by using the RGI method. It turns out that the minimal phenomenologically viable model is based on the gauge group of Pati and Salam [20] 
which is asymptotically non-free if it is supersymmetrized in a realistic fashion.. We would like to recall that N = 1 supersymmetric models based on this gauge group have been studied with renewed interest because they could in principle be derived from superstring [21, 22 ].
The model
Our supersymmetric gauge model is based on the gauge group G PS , and we follow the definition of ref. [22] for the electric charge Q and the weak hypercharge Y :
where (1, 2, 2 ) of G PS . In addition to these Higgs supermultiplets, we introduce (2) L version of the Georgi-Jarlskog type ansatz [23] for the mass matrix of leptons and quarks while φ is supposed to mix with the right-handed neutrino supermultiplets at a high energy scale. The rôle of Σ ′ µ ν will be clear later on. The superpotential of the model is given by
where
Although the superpotential has the parity, φ → −φ and Σ ′ → −Σ ′ , it is not the most general potential, and, by virtue of the nonrenormalization theorem, this does not contradict the philosophy of the coupling unification by the RGI method. W SB is responsible for the SU(4) × SU(2) R → SU(3) C × U(1) Y breaking, and it is achieved by the nonzero
in such a way that supersymmetry remains unbroken. This scale is expected to be of
O(M GU T ). It is then easy to see that the right-handed neutrinos become heavy through
W N M after the SBB above [21] .
The Yukawa couplings for leptons and quarks are contained in W Y and W GJ , where W GJ is introduced to provide the Georgi-Jarlskog type ansatz [23] . So T
be relatively light. We assume that the other components, leptoquarks and colored particles, are O(M GU T ), and that the superpotential W T DS can realize this "triplet-doublet" splitting of G. To realize the SSB down to SU(3) C × U(1) EM , we assume that there exists a choice of soft supersymmetry breaking terms so that the VEVs
really corresponds to the minimum of the potential.
Given the supermultiplet content and the superpotential (2), it is now possible to compute the β-functions of the model. We denote the gauge couplings of SU (4) in the usual GUT inspired manner, is a function of them:
Normalizing the one-loop β-functions
where µ is the renormalization scale, we find:
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We have assumed that the Yukawa couplings g IJ except for g 33 vanish. They can be included into RGI relations as small perturbations 1 , but we assume here that their numerical effects will be negligibly small, so that we will suppress them in the following discussions.
3 Gauge-Yukawa-Higgs unification by the RGI method
Any RGI relation among couplings can be expressed in the implicit form Φ(g 1 , · · · , g N ) = const., which has to satisfy the partial differential equation
where β i is the β-function of g i (i = 1, · · · , N). If the β-functions satisfy a certain regularity, there exist, at least locally, (N − 1) independent solutions of (8), and they are equivalent to the solutions to the ordinary differential equations, the so-called reduction equations [10] ,
where g and β are the primary coupling and its β-function, and i does not include it.
Since maximally N − 1 independent RGI "constraints" in the N-dimensional space of couplings can be imposed by Φ i , one could in principle express all the couplings in terms of a single coupling, the primary coupling g [10] . This possibility is without any doubt attractive, but it can be unrealistic. Therefore, one often would like to impose fewer RGI constraints, and this is the idea of partial reduction [11, 13] . From this point of view, the partial differential equation (8) can provide us with an intuitive picture of partial reduction, though both differential equations (8) and (9) are mathematically equivalent.
Detailed discussions on partial reduction are given in ref. [15] for instance, and here we would like to briefly outline the method. For the case at hand, it is convenient to work with the absolute square of g i , and we define the tilde couplings bỹ
where α = |g| 2 /4π and α i = |g i | 2 /4π (i does not include the primary coupling). We assume that their evolution equations take the form
in perturbation theory, and then derive
whereb (r)
i (α) (r = 2, · · ·) are power series ofα i and can be computed from the r-th loop β-functions.
To procced, we have to solve the set of the algebraic equations
and assume that the solutions ρ i 's have the form
We then regardα i with i ≤ N ′ as small perturbations to the undisturbed system which is defined by settingα i with i ≤ N ′ equal to zero.. We recall that it is possible [10] to verify at the one-loop level the existence of the unique power series solutions
of the reduction equations (11) to all orders in the undisturbed system . These are RGI relations among couplings and keep formally perturbative renormalizability of the undisturbed system. So in the undisturbed system there is only one independent coupling, the primary coupling α.
The small perturbations caused by nonvanishingα i with i ≤ N ′ enter in such a way that the reduced couplings, i.e.,α i with i > N ′ , become functions not only of α but also ofα i with i ≤ N ′ . It turned out that, to investigate such partially reduced systems, it is most convenient to work with the partial differential equations
which are equivalent to the reduction equations (11), where we let a, b run from 1 to N ′ and i, j from N ′ + 1 to N, in order to avoid confusion. We then look for solutions of the
where f (r)
i (α a ) are supposed to be power series ofα a . This particular type of solution can be motivated by requiring that in the limit of vanishing perturbations we obtain the undisturbed solutions (14) [13, 24] , i.e., f With these discussions above in mind, we would like to present our results for the present model below. In principle, the primary coupling can be any one of the couplings.
But it is more convenient to choose a gauge coupling as the primary one because the one-loop β functions for a gauge coupling depends only on its own gauge coupling. For the present model, we use α 2L as the primary one.
(i) Gauge sector
Since the gauge sector at the one-loop β functions is closed as said, the solutions of the fixed point equations (12) are independent on the Yukawa and Higgs couplings. One easily obtains
where we have used the one-loop β-functions (7) in the gauge sector and eq. (12) . Using now eq. (6), we find that the RGI relations (14) becomẽ
Furthermore, one can convince oneself that at the one-loop level there is no correction to eq. (18) which can result from perturbations to the undisturbed system. The RGI relations (18) are also boundary conditions at M GU T , where, at M GU T , the QCD coupling α S can be identified with α 4 .
(ii) Yukawa-Higgs sector
The solutions of eq. (12) in the Yukawa-Higgs sector strongly depend on the result of the gauge sector. Since there are 9 couplings in this sector, eq. (12) could in principle admit 2 9 = 512 independent solutions. But solutions with negative ρ cannot be accepted because α i and the primary coupling α = α 2L are positive semidefinite (see eq. (10)).
Note also that the more vanishing ρ i 's a solution contains, the less is its predictive power.
After slightly involved algebraic computations, one finds that most predictive solutions contain at least three vanishing ρ i 's. There exist 11 solutions of that type, but their predictive power on low energy parameters is not equally significant. Out of these 11
solutions, there are two, A and B, that satisfy
These contain RGI relations that exhibit the most predictive power and moreover they satisfy the neutrino mass relation M ντ > M νµ , M νe . The corrections to the above RGI relations in the lowest order in the undisturbed system, which come from the perturbations, can be computed, and one finds in the first order
Note thatα GJ is in the same order of magnitude asα 33 for both solutions and the masses of the second and third fermion generations are approximately proportional to √α GJ and √α 33 , respectively. Therefore, we must require that
to satisfy the observed fermion mass hierarchy, where VEVs are defined in eq. (5). Consequently, we will neglect in the following numerical analysis the contributions of v GD and v GU to the top and bottom quark and tau masses (and also to M Z ).
Results and discussions
Until now we have assumed that supersymmetry is unbroken. But we would like to recall that the RGI relations (18) and (21) Except for M SU SY all the quantities in the tables are predicted; the range ofα 33 is also given by the model (see eq. (21)). In fig. 1 
